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Abstract
A necessary and sufficient condition for the leaves of a non-degenerate
foliation of a pseudo-Riemannian manifold to be conformally flat is de-
veloped. The condition mimics the classical condition of the vanishing of
the Weyl or Cotton tensor establishing the conformal flatness of a pseudo-
Riemannian manifold in the sense that it is also formulated in terms of
the vanishing of certain tensors. These tensors play the role of the Weyl
or the Cotton tensors and they are defined in terms of the the curvature
of a linear torsion-free connection (the bi-conformal connection).
1 Introduction
A classical result in differential geometry states that a pseudo-Riemannian man-
ifold of dimension higher than three is conformally flat if and only if the Weyl
tensor vanishes. If the dimension is 3 then the Weyl tensor vanishes for any
pseudo-Riemannian metric, be it conformally flat or not and one must resort
to the Cotton tensor to obtain a similar criterion as for the higher dimensional
one. Both the Weyl and the Cotton tensors are defined exclusively in terms of
the pseudo-Riemannian metric and hence they enable us to test algorithmically
whether a given pseudo-Riemannian manifold is conformally flat or not.
One would like to have similar criteria to the ones just pointed out if we
work with a foliation of a pseudo-Riemannian manifold. The question here is
whether, given such a foliation, we can answer in an algorithmically way if the
induced metric on the leaves of the foliation is conformally flat. Of course it
is clear that we can address this problem by an explicit computation of the
metric induced on each leaf and then using the classical results explained in the
∗
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previous paragraph. However, it may happen that the foliation is given in such
a way that an explicit computation of the induced metric is very difficult or
impossible. For example the foliation can be given as an involutive distribution
or equivalently as a set of integrable differential forms. In this case to check
whether the leaves of the foliation are conformally flat by the application of the
classical result cannot be done in a direct way.
In this paper we provide an algorithmic criterion to check whether a foliation
has conformally flat leaves which only requires the knowledge of the distribu-
tion generating the foliation. We are able to construct a tensor which vanishes
if and only if the leaves of the given foliation are conformally flat. Our criterion
is thus similar to the classical criterion of the Weyl (Cotton) tensor vanishing
to characterize conformally flat pseudo-Riemannian manifolds. The difference
is that our tensor is constructed in terms a pair of orthogonal and complemen-
tary projection morphisms rather than the pseudo-Riemannian metric. These
projection morphisms are defined in such a way that the range of one of the
projections coincide with the vector space spanned by the distribution at each
point of the manifold. This ensures that only the knowledge of the distribution
is needed to apply our criterion. The only current limitation of our criterion is
that it is only valid for a non-degenerate foliation (the induced metric on the
leaves is non-degenerate).
The study of foliations of pseudo-Riemannian manifolds with conformally
flat leaves has relevance in certain applications. For example if one knows in
advance that a foliation with conformally flat leaves exists one may be able
to find adapted coordinated systems exploiting this. Related to this is the
existence problem of this type of foliations. This existence problem has been
addressed in very particular cases and with very specific motivations [2, 7]. The
results presented in this paper enables us to address the existence problem in
full generality.
This paper is structured as follows: in section 2 we present some generalities
about non-degenerate smooth distributions which are essential for this work.
Section 3 introduces the bi-conformal connection which is a linear torsionless
connection which is defined in any pseudo-Riemannian manifold possessing a
distribution. The main result of the paper is Theorem 1 of section 4 where we
present a necessary and sufficient condition guaranteeing that the leaves of a
foliation are conformally flat. As stated above this condition takes the form of
the vanishing of a certain tensor which play the role of either the Weyl or the
Cotton tensor. This tensor is indeed defined by means of the curvature of the bi-
conformal connection and it is of rank four or three depending on the dimension
of the leaves. Specific applications of Theorem 1 are presented in section 5. All
the computations in this paper were carried out with the Mathematica suite
xAct (see [5, 6]).
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2 Non-degenerate smooth distributions on pseudo-
Riemannian manifolds
Let (V, g) be a N -dimensional smooth pseudo-Riemannian manifold and denote
by ∇ its torsion-free Levi-Civita connection. In this work we will mostly use
abstract indices but sometimes index-free notation will be employed. In this case
boldface symbols will be used to denote tensorial quantities. Abstract indices
of tensors and tensor fields arising from the tensor bundle of V will be denoted
with small Latin letters. Indices enclosed in round (square) brackets denote the
operation of symmetrization (antisymmetrization). The Levi-Civita connection
∇ defines the Riemann and Ricci tensors in the standard way. Our conventions
to define these quantities are laid by the relations
∇a∇bX
c −∇b∇aX
c = R cbad X
d , Rac = R
b
abc .
Indices are lowered and raised with the metric gab and its inverse g
ab (in index-
free notation this is represented by g♯). Assume now that we have defined a non-
degenerate smooth distribution on the manifold V . Recall that a distribution is
a smooth map D : V → T (V ) such that for any point x ∈ V its image Dx under
D is a vector subspace of Tx(V ). The smoothness ensures that the dimension
of Dx does not depend on the point x and shall be called the dimension of
the distribution D. The distribution D is non-degenerate if the bi-linear form
g|x restricted to the vector space Dx is non-degenerate. In this case we can
decompose the vector space Tx(V ) in the form
Tx(V ) = Dx ⊕D
⊥
x , (1)
whereD⊥x is the orthogonal complement ofDx with respect to the scalar product
defined by gx. The vector spaces Dx, D
⊥
x can be respectively characterized by
means of a pair of orthogonal projectors P x, Πx. These are endomorphisms of
Tx(V ) (projection morphisms) and one has
Dx = P x(Tx(V )) , D
⊥
x = Πx(Tx(V )) , Πx + P x = 11 , (2)
Πx ◦ P x = P x ◦Πx = 0 , Πx ◦Πx = Πx , P x ◦ P x = P x (3)
Since the distribution D is smooth we can define smooth sections P , Π on the
bundle of 1-1 tensors T 11 (V ) with P |x = P x and Π|x = Πx, x ∈ V . If we
represent these sections in index notation then is clear from (2)-(3) that they
must have the properties
PabP
b
c = Pac , ΠabΠ
b
c = Πac , PabΠ
b
c = 0 , Pab +Πab = gab. (4)
Reciprocally, we can start by defining smooth sections fulfilling the relations
given by the previous set of equations. These sections define smooth distribu-
tions D, D˜ by means of the definitions
Dx = P |x(Tx(V )) , D˜x = Π|x(Tx(V )) , Tx(V ) = Dx ⊕ D˜x.
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Note that Dx, D˜x may or may not be degenerate. However, if Dx is non-
degenerate then we have the additional relation D˜x = D
⊥
x . Hence we can
speak either of a (non-degenerate) distribution or the smooth sections P and
Π indifferently. Indeed we can just work with one projector as the other one
is completely determined by the relation Π+ P = 11. We will use the symbols
D(P ), D(Π) to denote the smooth distributions generated respectively by P ,
Π. The dimensions of these distributions are given by
dim(D(P )) = tr(P ) = P aa , dim(D(Π)) = tr(Π) = Π
a
a.
For any distribution D we define the set X(D) by
X(D) ≡ {~ξ ∈ X(V ) : ~ξ|x ∈ Dx , ∀x ∈ V } , (5)
where X(V ) is the set of smooth vector fields on V . A distribution is said to be
involutive if for any ~ξ1,
~ξ2 in X(D), the Lie bracket [
~ξ1,
~ξ2] is also in X(D).
3 The Bi-conformal connection
For any pair Pab, Πab fulfilling the conditions of (4), define the following tensors
Mabc ≡ ∇bPac +∇cPab −∇aPbc , Ea ≡MacbP
cb , Wa ≡ −MacbΠ
cb. (6)
In terms of these quantities we define the following object
Labc ≡
1
2tr(P )
(EbP
a
c+EcP
a
b)+
1
2(N − tr(P ))
(WbΠ
a
c+WcΠ
a
b)+
1
2
(P ad−Π
a
d)M
d
bc.
(7)
This is a (1,2)-tensor with the symmetries Labc = L
a
cb. In [3] this tensor was
used to introduce a new symmetric connection in the manifold (V, g). We recall
now this definition.
Definition 3.1. Let (V, g) be a pseudo-Riemannian manifold with its standard
Levi-Civita connection ∇ and let P , Π be any pair fulfilling (4). Use them to
define the quantity Labc by means of (7). The bi-conformal connection is by
definition the only linear connection such that its difference with the Levi-Civita
connection results in the tensor Labc.
Remark 1. Note that the bi-conformal connection is naturally defined for any
smooth distribution, be it degenerate or not, because only relations (4) are
required. The results of this work, however, require the distribution to be non-
degenerate (see section 4) and our analysis will concern mostly this particular
case.
Recall that the difference between two linear connections is always a “true
tensor”, even though the connections themselves are not. If we denote the
components of the Bi-conformal connection in a given frame by γ¯abc then the
previous definition means that
γ¯abc ≡ γ
a
bc + L
a
bc , (8)
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where γabc are the components of the Levi-Civita connection in the same frame
(here and in the following, we write frame-indices adopting explicit numerical
values in bold).
We denote the covariant derivative associated to the bi-conformal connection
by ∇¯. Given that Labc is symmetric in its last two indices we may conclude that
the bi-conformal connection has no torsion. The Riemann and Ricci tensors of
the bi conformal connection are denoted by
R¯ dabc , R¯ab ≡ R¯
c
acb
It is possible to check in explicit examples that R¯ cabc 6= 0, hence the bi-conformal
connection is not a Levi-Civita connection in general which means that R¯ab need
not be symmetric.
To gain some geometric intuition about the bi-conformal connection it is
instructive to compute its components in a frame adapted to the distributions
D(P ), D(Π). Let {~e1, · · · , ~eN} be such a frame. We adopt the following
conventions
D(P ) = Span{~e1, · · · , ~ep} , D(Π) = Span{~e1+p, · · · , ~eN} , (9)
where p is the dimension of the distribution D(P ) (hence p = tr(P )). We make
the further assumption thatD(P ) orD(Π) is non-degenerate which implies that
both distributions are in fact non-degenerate (see eq. (1)). Since the frame is
adapted to the distributions and they are non-degenerate, we have the relations
PAB = g(~eA, ~eB) , Pαβ = 0 , Παβ = g(~eα, ~eβ) , (10)
ΠAB = 0 , PAβ = g(~eA, ~eβ) = ΠAβ = 0,
where we have adopted the convention that capital boldface Latin letters rep-
resent frame indices with numerical values in the range (1, p) and Greek bold
symbols are frame indices in the range (p + 1, N). Our convention for the
definition of the components of Levi-Civita connection (and any other linear
connection) in a frame is
∇~ea~eb = γ
c
ab~ec. (11)
The Lie brackets of the elements of this frame are characterized by the structure
functions Ccab defined by
[~ea, ~eb] = C
c
ab~ec = ∇~ea~eb −∇~eb~ea , (12)
where the last equation holds because the Levi-Civita connection has no torsion
(indeed it holds for any torsion-free connection). To compute the components
of the bi-conformal connection in this frame, we just need to compute the com-
ponents of the tensor Labc and then use (8). In order to do this we are required
to compute the components of Pab, Πab, ∇aPbc and ∇aΠbc and then use eqs
(6)-(7). This is achieved using the standard definition of covariant derivative of
a tensor
(∇~eaP )(~eb, ~ec) = ~ea(P (~eb, ~ec))− P (∇~ea~eb, ~eb)− P (~eb,∇~ea~eb) , (13)
(∇~eaΠ)(~eb, ~ec) = ~ea(Π(~eb, ~ec))−Π(∇~ea~eb, ~eb)−Π(~eb,∇~ea~eb) , (14)
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and replacing the covariant derivatives of the right hand sides by means of (11).
The differentials ~ea(P (~eb, ~ec)), ~ea(Π(~eb, ~ec)) are replaced using the condition
of ∇ being the Levi-Civita connection
~ea(g(~eb, ~ec)) = g(∇~ea~eb, ~ec) + g(~eb,∇~ea~ec) , (15)
which via (10) yields
~eA(P (~eB, ~eC)) = g(∇~eA~eB, ~eC) + g(~eB,∇~eA~eC) , (16)
~eα(Π(~eβ, ~eγ)) = g(∇~eα~eβ, ~eγ) + g(~eβ,∇~eα~eγ). (17)
From these formulae we deduce that the components of Labc in the adapted
frame will only be given in terms of the components of the Levi-Civita con-
nection in the same frame and the something similar will happen with the
components of the bi-conformal connection. The explicit relations are obtained
after performing a certain amount of elementary algebra and they are
γ¯αβγ = γ
α
βγ , γ¯
A
BC = γ
A
BC , (18a)
γ¯ABα = TF(γ
A
Bα) , γ¯
A
αB = γ
A
αB − γ
A
Bα +TF(γ
A
Bα) , (18b)
γ¯αβA = TF(γ
α
βA) , γ¯
α
Aβ = γ
α
Aβ − γ
α
βA +TF(γ
α
βA) , (18c)
γ¯Aαβ =
1
2
(
γAαβ − γ
A
βα
)
, γ¯αAB =
1
2
(γαAB − γ
α
BA) , (18d)
where (we follow Einstein’s summation convention for frame indices)
TF(γABγ) ≡
1
2
(
γABγ + γ
D
CγP
ACPDB
)
−
1
p
γCCγδ
A
B , (19)
TF(γαβC) ≡
1
2
(
γαβC + γ
µ
γCP
αγPµβ
)
−
1
N − p
γγγCδ
α
β , (20)
By looking at these formulae we see that the components of the bi-conformal
connection restricted to each of the non-degenerate distributions D(P ), D(Π)
are just the components of the Levi-Civita connection (see eq. (18a)). This is
similar to what happens in the case of an adapted linear connection to the pair
of distributions D(P ), D(Π) (see [1] for the definition of this notion). However,
we can also check by means of these formulae that the bi-conformal connection
is not an adapted linear connection in general. For example, formula (18d) tells
us that the quantities γ¯Aαβ and γ¯
α
AB are different from zero in any adapted
frame if the distributions D(P ), D(Π) are not involutive (see eq. (12)) whereas
in the case of an adapted linear connection these quantities vanish in a certain
adapted frame regardless of the properties of the distributions D(P ), D(Π).
The relevance of the bi-conformal connection was established in [3, 4] where it
enabled to obtain a local invariant characterization of the family of conformally
separable pseudo-Riemannian manifolds. In the next section we are going to
show another geometric feature of the bi-conformal connection dealing with
non-degenerate foliations with conformally flat leaves.
6
4 Characterization of foliations with conformally
flat leaves
A smooth foliation of the manifold (V, g) is a family {Στ}, τ ∈ I ⊂ R
p of
smooth embedded sub-manifolds of dimension N − p such that for any τ 6= τ ′,
Στ ∩ Στ ′ = ∅ and V = ∪τ∈IΣτ . Each of the submanifolds Στ is called a leaf
of the foliation and the natural number p is their co-dimension. The foliation
is non-degenerate if the induced metric (first fundamental form) on each leaf
is non-degenerate everywhere. Note that any non-degenerate foliation always
generates a non-degenerate distribution defined for any x ∈ V by
x 7→ Tx(Στ ) , x ∈ Στ
where Tx(Στ ) is the subspace of the tangent space Tx(V ) corresponding to the
tangent space of the leaves. By Frobenius theorem, the distribution so defined
is involutive. Also, associated to any foliation there is a smooth map t : V → Rp
defined for any x ∈ V by t(x) = τ , where x ∈ Στ . This function will be referred
to as the level set map of the foliation.
As explained in section 2, any non-degenerate smooth distribution is charac-
terized by a smooth projectorP and its orthogonal complementΠ, and therefore
we can apply these ideas to the present situation. We choose the convention
that the non-degenerate distribution generated by {Στ} is D(Π) which means
that dim(D(Π)) = N − p and tr(Π) = N − p, tr(P ) = p
In this work we are interested in finding necessary and sufficient conditions
which guarantee that the leaves of a non-degenerate foliation are conformally
flat. The following theorem supplies these conditions.
Theorem 1. The leaves with dimension N −p > 3, N > 3 of a non-degenerate
foliation of a pseudo-Riemannian manifold (V, g) are conformally flat if and
only if the pair of complementary projectors (Π,P ) associated to the distribution
defined by the foliation fulfill the following condition
T ||(Π) = 0 , (21)
where
(T ||(Π)) dcab ≡ Π
d
rΠ
s
cΠ
t
aΠ
q
bT
r
stq , (22)
T dbac ≡ 2R¯
d
bac −
2
2−N − p
(ΠdcL
Π
[ab] +Π
d
[bL
Π
a]c +Πc[aL
Π
b]qΠ
qd) , (23)
and
LΠbc ≡ 2
(
ΠdrR¯
r
bdc −
1
N − p
(ΠdcΠ
r
qR¯
q
bdr +Π
d
bΠ
r
qR
q
cdr −Π
r
qR¯
q
cbr )
)
+
+
R¯Π
1−N + p
Πbc , (24)
R¯Π ≡ ΠdrR¯
r
bdc Π
cb , (25)
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the bi-conformal connection in these expressions being that defined from Pab and
Πab = gab − Pab in the way explained in Definition 3.1. If N − p = 3 then eq.
(21) is to be replaced by
B||(Π) = 0 , (26)
where
(B||(Π))abc ≡ Π
r
a Π
s
b Π
q
c ∇¯[rL
Π
s]q. (27)
Proof. We choose a frame adapted to the non-degenerate distributions D(P ),
D(Π), in the way explained in section 3, (see eq. (9)) and show that in that
frame T ||(Π) = 0 (N − p > 3) or B||(Π) (N − p = 3) vanish if and only
if the leaves of the foliation are conformally flat. In fact, given that D(Π) is
involutive we can find a frame such that ~eα = ∂/∂x
α in certain local coordinates
(x1, · · · , xN−p, xN−p+1, · · · , xN ), N−p+1 ≤ α ≤ N . In this adapted frame the
components of the induced metric on the leaves (first fundamental form) are just
Παβ (see eq. (10)) and the quantities γ
α
µν correspond to the components of
the Levi-Civita connection arising from the first fundamental form. In addition,
since the connection ∇ has no torsion, we have the relation
0 =
[
∂
∂xα
,
∂
∂xβ
]
= [~eα, ~eβ] = ∇~eα~eβ −∇~eβ~eα = (28)
= (γAαβ − γ
A
βα)~eA + (γ
γ
αβ − γ
γ
βα)~eγ , (29)
which entails γAαβ = γ
A
βα. Using this in the first condition of (18d) we
conclude that γ¯Aαβ = 0. Next we need to compute the components of the
bi-conformal curvature R¯ dabc in the chosen frame. To that end we use the stan-
dard definition of the curvature of a linear connection in differential geometry
particularized to our frame
R¯(~ea, ~eb)~ec = ∇¯~eb∇¯~ea~ec − ∇¯~ea∇¯~eb~ec − ∇¯[~ea,~eb]~ec. (30)
In fact, if we look at the definition of T ||(Π), we realize that to compute this
quantity in the adapted frame we only need to compute the scalars R¯
λ
µβγ and
LΠαβ which are, respectively, the only non-vanishing components of the tensors
(R¯||(Π)) dcab ≡ Π
d
rΠ
s
cΠ
t
aΠ
q
bR¯
r
stq and (L
Π||)ab ≡ Π
t
aΠ
q
bL
Π
tq in the adapted
frame. This is achieved by combining (30), (11) (with ∇ replaced by ∇¯) and
(12) with the result
R¯
λ
µβγ = 2~e[β(γ¯
λ
µ]γ) + 2γ¯
α
[µ|γ γ¯
λ
|µ]α − γ¯
λ
αγC
α
µβ + 2γ¯
A
[µ|γ γ¯
λ
|β]A −
−γ¯λAγC
A
µβ. (31)
The fact that the distribution D(Π) is involutive and our choice of an adapted
frame implies respectively that CAµβ = 0 and C
α
µβ = 0. Also if we use (18a)
and the property γ¯Aαβ = 0 discussed above we can reduce (31) to
R¯
λ
µβγ = 2~e[β(γ
λ
µ]γ) + 2γ
α
[µ|γγ
λ
|µ]α = R
λ
µβγ . (32)
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From the previous formula we deduce that the scalars R λµβγ can be under-
stood as the components of the Riemann tensor of the induced metric (first
fundamental form) on the leaves of the foliation. Regarding the non-vanishing
components of LΠ|| a direct computation using (24) shows
LΠβγ = 2R¯
α
βαγ −
2
N − p
R¯ αβγα +
R¯Π
1−N + p
Πβγ , R¯
Π = R¯ αβαγ Π
βγ , (33)
which on using (32) yields
LΠβγ = 2Rβγ +
ΠβγR
1−N + p
, Rβγ ≡ R
δ
βδγ , R ≡ RβγΠ
βγ , (34)
where, for the same reasons pointed out above with the Riemann tensor, Rβγ
coincides with the Ricci tensor computed from the first fundamental form and
R is its scalar curvature. Combining (32) and (34) with (22)-(23) we obtain
after some algebra
(T ||(Π)) δβαγ = 2R
δ
βαγ −
2
2−N − p
(Πδ[βL
Π
α]γ +Πγ[αL
Π
β]µΠ
µδ) = 2W δγαβ ,
(35)
where W δγαβ is the Weyl tensor defined by the leaves first fundamental form.
Hence, when N − p > 3 the tensor T ||(Π) vanish if and only if these leaves are
conformally flat. In a similar fashion as above, from (27) we deduce the only
non-vanishing components of B||(P ) are B||(P )αβγ and these are given by
B||(P )αβγ = ∇¯[γL
Π
β]µ = ∇[γL
Π
β]µ , (36)
where in the last step we used again (18a) and the property γ¯Aαβ = 0 in the
expansion of ∇¯[γL
Π
β]µ in terms of the components of the bi-conformal connec-
tion. Since LΠβµ is, up to a factor, the Schouten tensor of the induced metric
on the leaves we conclude that ∇[γL
Π
β]µ is the Cotton tensor of the same met-
ric and therefore B||(P ) will be zero if and only if the Cotton tensor of these
leaves vanish. In the case of the leaves being of dimension 3 (N − p = 3) this is
equivalent to their being conformally flat.
Corollary 1. Under the hypotheses of theorem 1 the tensor R¯||(P ) is zero if
and only if the leaves of the foliation generated by the pair (P ,Π) are flat.
Proof. See considerations coming after eq. (32).
Remark 2. If N ≤ 3 then the leaves of any foliation are of dimension 1 or 2
and hence they are trivially conformally flat. Therefore to deal with non-trivial
situations we need to consider the case N > 3 which is the situation assumed
by the hypotheses of Theorem 1.
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5 Applications
The obvious application of our result comes in the determination of the confor-
mal flatness of the leaves of a foliation. Of course it is fairly trivial to determine
this if the foliation is given in an explicit form (for example in terms of the level
set functions) because in this case it is possible to compute explicitly the first
fundamental form for each leaf and then one just needs to compute the Weyl or
the Cotton tensor for it. However, there are situations where one does not have
a explicit form of the foliation or the first fundamental form of the leaves is very
difficult to compute. For example, this situation arises if one is interested in in-
vestigating the existence of a non-degenerate foliation of a pseudo-Riemannian
manifold by conformally flat leaves. To understand better this problem let
us consider the special simpler case where the leaves of the foliation have co-
dimension p = 1. In this case the distribution D(Π) can be characterized by a
1-form ω ∈ Λ1(V ) such that ωx( ~Xx) = 0, for any ~Xx ∈ Dx(Π), and x ∈ V .
In addition, if the distribution D(Π) is non-degenerate and involutive then,
ω ∧ dω = 0 (integrable 1-form) and g♯(ω,ω) 6= 0. Indeed it is possible to
establish a relation between ω and the projectors P , Π.
Proposition 1. Any non-degenerate foliation of a pseudo-Riemannian mani-
fold (V, g) with co-dimension 1 leaves can be characterized by orthogonal projec-
tors P , Π adopting the form
P =
ω♯ ⊗ ω
g♯(ω,ω)
, Π = 11− P , (37)
where ω ∈ Λ1(V ) is such that ω ∧ dω = 0 and ω♯ is the vector determined by
the relation ω♯(·) = g♯(ω, ·), g♯(ω,ω) 6= 0.
Proof. For any ω ∈ Λ1(V ) with g♯(ω,ω) 6= 0 the quantitiesΠ and P introduced
by (37), define the non-degenerate distributions
D(P ) = Span{ω♯} , (38)
and its orthogonal complement D(Π). Also, by construction ω( ~X) = 0, for
any ~Xx ∈ D(Π)x. If in addition ω ∧ dω = 0, then D(Π) is an involutive
distribution and by Frobenius theorem it generates a foliation of V with co-
dimension 1 leaves. Since D(Π) is non-degenerate, the foliation is also non-
degenerate. Reciprocally, any non-degenerate foliation of V with co-dimension
1 leaves determines an integrable 1-form ω, with g♯(ω,ω) 6= 0 as explained
above. We can then take then equation (37) as the definition for P and Π.
Now if we wish to adapt the result of Theorem 1 to the case of a foliation
with leaves of co-dimension 1 then it is clear that one can write condition (21) or
(26) as a condition about the existence of a certain 1-form ω. This condition will
be generically not satisfied by any ω unless the pseudo-Riemannian manifold
admits a foliation by co-dimension 1 hypersurfaces. See example 1 for the study
of a particular case of this situation. Another application arises if we are given
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an integrable non-degenerate 1-form and we are asked whether the foliation it
generates is formed by conformally flat leaves. In this case we do not have
an explicit form for the leaves, nor their first fundamental form and hence the
classical procedure cannot be applied directly. This problem does not arise if we
apply Theorem 1 as the explicit form of the leaves is not required. With just
the knowledge of the integrable 1-form we can build the projectors P , Π via
eqs. (37) and then check whether (21) or (26) are fulfilled.
Example 1. Take as pseudo-Riemannian manifold (V, g) the region of the
Schwarzschild solution of the vacuum Einstein equations covered by the stan-
dard Schwarzschild coordinates (t, r, θ, φ)
g = −
(
1−
2M
r
)
dt⊗ dt+
1
1− 2M
r
dr⊗ dr+ r2(dθ⊗ dθ+sin2 θdφ⊗ dφ) , (39)
where M is the mass parameter. Suppose we ask ourselves about the existence
of a foliation of V whose leaves are conformally flat and given by the family of
hypersurfaces
{Φ(t, r) = c} , c ∈ R ,Φ ∈ C2(V ).
This means that the level set function for such a foliation must take the form
Φ(t, φ) and hence we can choose the 1-form
ω = dΦ = Φtdt+Φφdφ , Φt ≡
∂Φ
∂t
, Φφ ≡
∂Φ
∂φ
to construct the pair (P ,Π) through eq. (37). Since N = dim(V ) = 4 we need
to check the condition B||(P ) = 0 in accordance with Theorem 1. Once the pair
(P ,Π) is given this is an algorithmic computation which can be carried out with
the system [5]. The result is an overdetermined system of partial differential
equations for the function Φ which we need to study. One of these equations is
(B||)φθφ =
4r5(2M − r)Φ2φΦ
4
t
(
M(9M − 4r)Φ2φ + r
4Φ2t
)
sin5 θ cos θ(
(2M − r)Φ2φ + r
3Φ2t sin
2 θ
)4 = 0 ,
which is only true if the numerator of the rational expression vanishes. As Φ is
a function of just t and φ the only possibilities are that either Φφ = 0 or Φt = 0.
The latter possibility can be discarded as one can explicitly check that there are
components of B||(P ) which cannot vanish, so we are left with the case Φφ = 0
which makes B||(P ) vanish identically. This corresponds to the trivial case of
the leaves being the standard static hypersurfaces which, as is well-known, are
conformally flat for the Schwarzschild solution.
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